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Abstract

Non-linear susceptibilities for use in describing the second-harmonic generation
(SHG) recently observed in the hexagonal manganites RMnO3 (R = Sc, Y, Ho,
Er, Tm, Yb, Lu) below the Néel temperature Ty are derived. Their explicit
expressions show that they should give rise to quite different spectra according
to whether the magnetic ordering is P65cm’ or P65c'm. The excited states
around 2.45 eV are treated as excitons in the antiferromagnetic phase. The
calculated SHG spectra are compared with experiments and it is found that
they can be used to explain the observed features and spectra satisfactorily.

1. Introduction

Optical second-harmonic spectroscopy has proved to be a powerful means of determination of
complex magnetic structures—for example, the non-collinear antiferromagnetic structure of
the hexagonal manganites RMnO3; (R = Sc, Y, Ho, Er, Tm, Yb, Lu) [1-3].

These compounds are paraelectric above T¢ (between 550 and 1000 K) with the space
group P63/mmc and ferroelectric below T¢ with the space group P6s3cm. They are anti-
ferromagnetic below T which is around 80 K.

We take the case of YMnOj as our first example. Below Ty = 73.49 K, second-harmonic
generation (SHG) is observed in the region around 2.45 eVi; it corresponds to the magnetic
non-linear susceptibility X\(;)v This corresponds to the magnetic space group P65cm’ and we
know that the spin ordering should be as shown in the left-hand part of figure 1 of reference [3],
i.e., aj-type with the angle ¢ = 0. The susceptibility here is the yyy-component of a time-
non-invariant tensor (c-tensor) as indicated by the superscript (c), with the x y-axes given in the
figure referred to above. The two peaks in the SHG spectra around 2.45 eV seem to indicate
the existence of two excited levels at that energy and constructive interference between the
susceptibilities associated with each level (figure 1(b) of reference [1]).

On the other hand, in ErMnO3, SHG below Ty = 78.64 K at around 2.45 eV is observed
only in the configuration corresponding to the non-vanishing susceptibility x () . This means

XXX*°

that the magnetic space group for this system is P65c¢’m and the spins of the Mn ions are
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all rotated by an angle of 90° compared to those of YMnO3;—that is, the ordering is of o,-
type. There are two peaks also in this case, but with destructive interference with a dip
between them [1].

The spectra of HoMnOj3 (Ty = 74.87 K) are interesting in that they can show either of
the behaviours described above depending on the temperature. The peaks at 2.45 eV show
constructive interference for x ) below T = 42 K and destructive interference for x ¢ above
Tr due to the rotation of the spins by 90° in the xy-plane [3].

The observation of the time-invariant XZ(QA related to the ferroelectricity gives the position
of an excited level at 2.7 eV for all of these systems [2].

The purpose of the present paper is to try to explain these features of the SHG spectra
as well as to clarify the relations between them and the magnetic structures of the hexagonal
manganites through the calculation of the susceptibilities x\$), and xS\, which are simply
denoted as x,,, and x., in the present paper. In the next section we describe the crystal
magnetic symmetry of the present system. The environment of the Mn ions to be treated
here is unusual in that Mn* ions with total spin S = 2 are surrounded by fivefold-coordinated
(trigonal) bipyramids of O%>~ ions. The electronic states involved will be discussed in section 3.
There are six Mn sites in a unit cell of the antiferromagnetic phase. In section 4, we describe
how to correlate wave functions at six different sites. Section 5 is the core of the present paper.
We find here that the single-ion theory does not work well, and develop the exciton theory for
the excited states around 2.45 eV. The susceptibilities obtained in the exciton mode turn out to
be satisfactory. They predict two excited levels near the single level expected in the single-ion
theory and quite different interference behaviours for x,,, and ... In section 6.1, we give a
brief discussion of possible causes of clamping of the two order parameters, ferroelectric and
antiferromagnetic. A comparison of the calculated spectra with the observed ones is made in
section 6.2. The final section is devoted to a discussion and conclusions. In the appendix, the
mechanism of exciton transfer treated in section 5.2 is described, so that the physical meanings
of the parameters which appeared in the exciton theory are made clear.

2. Crystal and magnetic structure of RMnOQOj;

The crystal structure of ferroelectric RMnO3; (R = Y, Ho, Er, Lu) is reported by Yakel et al [4].
The x- and y-axes chosen in the present paper coincide with theirs and those of reference [3]
as well.

There are six Mn ions in a magnetic unit cell. Their sites in the unit cell and our choice of
local axis &; and n; are shown in figure 1, where the local &;- and 7n;-axes at site 1 are chosen
parallel to the global x- and y-axes.

As seen in the figure, three Mn; ions (i = 1, 2, 3) are assumed to lie on the z = 0 plane,
while the other three with i = 4, 5, 6 are on the z = ¢/2 plane, where c is the height of the unit
cell. Let us further assume that the coordinate of Mn; is given by (d, 0, 0) with d ~ 0.3a and
that of Mny by (—d, 0, ¢/2) in terms of the lattice constant a, so that either o,(7) or 8o,(T)
carries Mn; into Mny with its environment in the crystal, where o, (7) is the reflection in the
yz-plane followed by the translation = = (0, 0, ¢/2) and 6 is the time reversal.

Suppose the local &;- and 1,-axes are obtained by rotating the global x- and y-axes by an
angle ;. We then have the following relations:

P, = Pg cost; — Py, sint; (€))

Py, = P sinv; + Py, cos ¥, 2)
between the components of electric dipole-moment operators at different sites, which will be
used in section 5.1.
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Figure 1. Six Mn sites in the unit cell and the local coordinate axes.

To avoid confusion, we follow Fiebig et al [3] in the choice of symmetry operations of
the two possible magnetic space groups (a) P65cm’ (spins of Mn; || ) and (b) P65c'm (spins
of Mn, || y). They are given by

(a) P6iem': 65 = 0Ce(T)
c=oy4(7) 3

m' = 0o,

(b) P6,c'm: 6, = BCq(T)
' =00y(T) @)
m= o,

where o, is the reflection in the xz-plane. It must be mentioned that the intermediate symmetry
P06/ is possible, as found in ScMnOj3, where we have the spins of Mn; making any angle ¢
with the reference axis [5].

For the spin ordering corresponding to these magnetic space groups, the reader is referred
to figure 1 of reference [3]. Although we have mentioned in the above that the spins of Mn,
are parallel to @ in P6;cm’, this is not quite correct. They may also have z-components, i.e.,
they can cant out of the xy-plane without lowering the symmetry described by this group. In
contrast to this, the spins of Mn, have to be parallel to y in P6jc'm.

3. Electronic states of a Mn3* ion in RMnOj3

Let us first consider the electronic states of a Mn; ion in the paraelectric phase described
by P63;/mmc [6]. The Mn, in this phase is located at the centre of a fivefold-coordinated
(trigonal) bipyramid of O®~ ions with D3, = 6m2 symmetry with the twofold-symmetry axis
of the bipyramid chosen as the x-axis [4, 7].

As the energy level scheme for the four localized d electrons with their spins parallel
(S = 2) in this unusual fivefold coordination, we adopt the one proposed by reference [1]. In

this model, the ground state is the orbital singlet A; = °I";. The first and second (quintet)

excited states are 'E, = °I's and °E; = T, respectively.
The wave functions corresponding to these levels are given by
®(Ea) = Py )
®(Eib) = @, (6)

®(Fpa) = cPpo_y2 + ¢ D, @)
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D (Exb) = cP_pyy + D, (®)
DA) =D, )

with ¢ + ¢’> = 1, where we have specified only the symmetry labels for the orbital states. The
spin quantum numbers M, or M, are not given explicitly. For degenerate representations, the
two substates of E;, for example, are denoted as E;a and E;b. The functions on the right-hand
side of these equations are given by

o, = %(—MD, +D)+ (D, -1)) (10)
®, = %(@(D,H) +®(D, —1)) (11)
D= %(CD(D, +2) + ®(D, —2)) (12)
D 5y = %(@(D, +2) — ®(D, —2)) (13)
®. = d(D,0) (14)

in terms of d* °D wave functions. Note that (P, ®,) in equations (7) and (8) are the states
with odd parity, transforming like (x, y) under D3,. The presence of these states on the right-
hand side of these equations is, of course, due to the lack of the inversion symmetry in the
present system. We assume the coefficient ¢’ to be small but not negligible compared with
c. In other words, we expect appreciable d—p mixing for the present system. It makes direct
electric dipole transitions from ®(A;) to ®(Ea) and ® (E,b) possible and the transitions are
associated with the strong absorption in YMnOj3 above 1.55 eV [1].

In the ferroelectric phase, the Mn ion is surrounded by a distorted (and tilted) bipyramid
of O?~ ions, the site symmetry being C; = m = {E, 0,}, where o, = oy, the reflection in
the xz-plane. The effect of this distortion will be treated as a perturbation due to fields having
symmetry lower than Dsy,. Naturally, the compatibility between D3, and Cg (resulting from
the descent in symmetry) restricts the symmetry of the perturbing field V,, as follows:

Vin = V(B2) + V(Eia) + V(Ea) (15)

where V(I') = >, v;(I'). Let us give, for simplicity, only terms of lowest orders for the
low-symmetry fields: v;(B2) = Az;, v;(Eja) = Bz;x;, and v;(Eza) = Cx; + D(x? — y?) in
terms of the coordinates (x;, y;, z;) for the ith electron.

The field V (E,a) lifts the twofold degeneracy of the E; as well as that of E; states of D3,
whereas V (B;) and V (E;a) bring in the mixing among the unperturbed states:

Uy = ®(Eja) + P (Era)(Era| Vi, |Eja)/AE(L, 3) (16)
W, = O(Eb) + P (E;b) (Exb|V,, |[E1b)/AE(2, 4) (17)
W3 = O (Eza) — ®(Eja)(E a|V,|Era)/AE(], 3) (18)
W, = O (Exb) — ®(E(b)(Eb|V,, [Esb)/AE(2,4) (19)
Vo = O(A)) — (D[ Viu|A1)/AE; (20)

where W, 3 are even under o, (I'; of C in Bethe’s notation), while W, 4 are odd (I';). The
energy of the state W; will be denoted as E; in the following with AE(i, j) = E; — E;.
The wave function @, transforming like z represents an odd-parity state, with its excitation
energy AE,.
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Unlike in figure 2 of reference [1], in this paper the highest level is assigned to the state
SEja = T, with its energy E,, because the corresponding peak at 2.7 eV is observed in
Xzxx-spectra of YMnOs. This then implies that our SE;b = T, with its energy E; is to be
associated with the peak at 2.45 eV of the x,,,-spectra.

Let us consider the spin—orbit interaction

Hso =AS - L 2n

as the next perturbation, where A is related to the parameter ¢ for a single electron as A = ¢ /4.
The matrix of the spin—orbit interaction is given by

®(A))  @Eja) PED)  PEa) P(Eb)

d(A) 0 —iv/31S8, iV/3AS, 0 0
®(Eja) | i34, 0 —irS,  —ircS,  —iAcS,
®(Eb) | —iv/318, irs, 0 —ireS,  ireS, |- (22)
@ (E,a) 0 ircS, ircS, 0 2irc?S,
@ (Ezb) 0 ircS,  —ikeS, —2irc%S, 0

Note that we are not specifying the direction of the spin yet, so the spin components involved are
left simply as operators within the spin space. The spin—orbit interaction introduces further
mixing among the unperturbed states which makes spin-dependent transitions possible in
section 5.

4. Choice of wave functions at different sites

Wave functions ; (o) (¥, = W;, including spin) at different sites « are related to each other
by the following relations:

G (1) = ¥(2) Cy' (D) = ¥,.(3) (23)

Gy (4) = ¥ (5) Cy' ¥ (4) = ¥,.(6). (24)
We further have, in case (a),

oq(T)Y1(1) = Y1 (4) (25)

04 (T)Y2(1) = =y (4) (26)
and, in case (b),

Oog(T)Y1 (1) = Y1 (4) 27

Oog(T)Y2 (1) = =92 (4). (28)

Note that the A-indices 1 and 2 refer to the two components E;a and E;b of the doublet SE,,
respectively, and that the orbital part of 1, (1) is even, while that of i, (1) is odd under o,.

5. Calculation of non-linear susceptibilities

Let us first write down the expressions for the non-linear susceptibilities involved in the present
problem [8—10], before proceeding to the details of the calculation.
The expression for the susceptibility may be given as

1 (P P P)imi (P P P)impi
= — i +
Kby = e ,Z" [mi,; (@i — 20) (0 — @) ,%; (@i + @) (@i — )

(P P P)ikmi
£ (Omi +20) (0 + )

(29)
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with w,,; denoting the energy difference between the states |m) and |i), p; the thermal
distribution of the initial state |i), and

(P P P)imki = (Pa)im(Pﬁ)mk(Py)ki
(P P P)imm’i = (Pot)im(Pﬁ)mm’(Py)m’i (30)
(P P P)ikmi = (Pa)ik(Pﬂ)km(Py)mi-

The dominant term corresponding to the two-photon resonance is given by

1 Pa imPP mi

(AEn; — 2ho) AE

with the closure approximation [9], where AE,,; = hw,,; and 1/AFE stands for a certain
average of 1/(AE(k, i) — hw) over odd-parity states |k).

If we choose P and the states |m)and |i) of equation (29) as those of the Mn, ion, the
expression leads to the susceptibility xqg, for a single ion of section 5.1. If we choose as
P the sum of the dipole moments of Mn ions within a unit cell and as the states |m) those
representing the coherent excitation transfer, i.e., the exciton states, equation (29) serves as the
expression for y per unit cell as will be shown in section 5.3.

The following relations which were important in the previous treatment [9, 10] are also
found to be useful in the present calculation:

(RY|AIRY') = (Y|R"AR[Y), (32)
(ORY|AIORY') = (y|0"'R™TARO|Y)* (33)

where A is a Hermitian operator, while R is any unitary symmetry operation such as C3.

5.1. Single-ion theory

To calculate susceptibilities within the single-ion theory, we assume that xqq, per unit cell
(¢ = x or y) is given by the sum of the contributions xy4 () (i = 1,2, ..., 6) from the six
ions Mn; in the unit cell, so

3 6
Xaoa = Z Xaaa (l) + Z Xaoa (l) (34)
i=1 i=4
After some simple algebraic calculation using equations (1) and (2), we find
: 3
oo ) = — aoo 1) — a 1 35
;x (i) 4{x e me)} (35)
where the sum on the right-hand side is defined by
D Xaps (1) = Xaps (1) + xpap (1) + xppa (1) (36)
Note that 8 = y when o = x and vice versa. In a similar way, we have
J 3
D Howali) = 5 {x @ = Xapp@® } (37)
i=4
Now, in case (a), i.e., for P6jcm’, the operation o,4(7) with equation (32) leads to
nyy(4) = nyy(l) Kyxx (4) = nyx(l) etc. (38)

In case (b), i.e., for P65c'm, we have, similarly,

Xaxx(B) = = x5, (D Xoyy @ = = x5, (1) etc (39)
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with the aid of equation (33).

In case (a), only x,,, is non-vanishing. It is purely imaginary, because x,,,(1), etc, are
themselves purely imaginary. In case (b), only x.y, is non-vanishing and purely imaginary,
because only the imaginary parts of x,,. (1), etc, enter here. That is, we find for case (a) that
the susceptibility per unit cell is expressed in terms of those for the ion Mn; as

3
Yovs =5 (xm.a) -y nyx(1)> (40)
and for the case (b), it may be written as
3
Xxx =1§Im(xm(1) - me(l)) (41)

An i-tensor yx,,, has also been observed by Frohlich ez al [1]. With the P63cm symmetry
of the ferroelectric phase, the susceptibility x,., for the unit cell is given by

Xaxx = 3(Xzxx (1) + Xzyy (1)) (42)
in terms of the susceptibility for Mn;. In a similar way, we find

Xzzz = 0Xzzz(1) (43)
and

Xaxz = 3wz (1) + Xyy2(1)) (44)

for other components of the i-tensor.

We note that the symmetry restrictions on the x-tensor per unit cell result from those for
the individual ions.

With these results, we now calculate the right-hand side of equation (31) for the ion Mn;
and substitute the results obtained into the right-hand side of equations (40) and (41) given
above. The components of the i-tensor may be obtained in a similar fashion.

As seen below, the susceptibilities obtained from the single-ion theory cannot actually
explain all features of the observed SHG spectra. They certainly corroborate that the non-
vanishing x,y, for case (a) and x,,, for case (b) are proportional, respectively, to the sublattice
magnetizations (a) S || = and (b) S || y. The expressions for the susceptibilities obtained
predict, however, resonant SHG only at energies £, and E,, while this is not the case for the
observed spectra. Experimentally, two lines are found at the position of E, ~ 2.45 eV, and
their interference behaviours in cases (a) and (b) are quite different—that is, constructive in
case (a) and destructive in case (b). However, we are going into some detail in the calculation,
because the results clearly suggest the possibility of a drastic difference in SHG accompanied
by the rotation of the spin direction from x to y by 90°, and serve as an introduction to the
treatment developed in the next subsection.

Starting from equations (40) and (41), we obtain the susceptibilities in the single-ion
approximation as

Xaaa = Xu(ulx)a + Xo(zfx)a (45)
where @ = x or y. As will be seen below, x (! is proportional to the field V (E;a) o zx, while
x® isto V(B,) x z.

The susceptibilities x ! are given by
@) @ _ 3 [ —(Po(Pao | (P)oa(Paw)

Xy = 3| (E, — 2hw) AE | (E, — 2hw) AE
(Po)oi (Paw)1o _(Py)OZ(ﬁZa)ZO i|

+
(E; — 2hw) AE  (E; — 2hw) AE

(46)



3038 T Tizuka-Sakano et al

and

2

(P)o1(Pa) 10 N (Py)02(ﬁ2b)20
(E, — 2hw) AE  (E, — 2hw) AE

where we have denoted, for example, the matrix elements of P, connecting W, and W, perturbed

M _ 3 (P)o1(Pa) 10 (ﬁy)oz(sz)zo
b) €0X o, =1= Im +
X (Ei — 2hw) AE  (E; — 2hw) AE

(47)

by the spin—orbit interaction as (f’y)m, etc; these are called the spin-dependent transition
moments.
The spin-dependent transition moments are given by

(Py)o1 = +{A1| Py[Ezb)irc(S,)/AE(L, 4) (48)
(P2 = +{A1| Py [Esa)irc(S,)/AE(2,3) (49)
(Po)o1 = +(A1| Py |Eza)irc(S,)/AE(L, 3) (50)
(P))o2 = —(A{|Py[Esb)inc(S,) /AE(2, 4). (51)

Anticipating the final result, we have replaced here the spin operators S, , by their thermal
averages (S ,) in the ground state, which are essentially the sublattice magnetizations in cases
(a), (b). To show that this is a valid procedure is not so difficult, if we examine the expressions
for the susceptibilities to be derived later, and remember that the excitation energies are assumed
to be independent of the spin directions in the present treatment.

The operators P>, and P, which transform like the bases E>a and E,b are defined by

Py =P — P} (52)

Py, = =2P. P, (53)
and their matrix elements are given by

(P2a)10 = ((E1a|Viu|Eza)/AE(L, 3))(Eza| Py |Ay) (54)

(P2)20 = ((Eib|Vyu [E2b) /A E(2, 4)) (Exb| Pyp|Ay). (55)
The spin-independent transition moments are obtained as

(Por = (Wol Py |W1) = (A1| Px|Eza)(EzalV,,|Eia)/AE(L, 3) (56)

(Py)oz = (Wol Py[W2) = (A1| Py[Exb) (Eob| Vi [Eib) /AE(2, 4). (57

For x? . we have

aoo?

30 (Pooi(Paw)io —(P))oa(Pr)0
2 _ = Y
@ €oxyy = 3 |:(E1 “2hw) AE | (E, - 2ho) AE:| (58)
and
3 (P)oi(Paa) 1o (Py)02 (Pan)20
2 _;:= y
®  eoxy =17 1m |:(E1 ~hw) AE | (E, — 2ho) AE1| ' (59)
The matrix elements of ﬁga, etc, are given by
(Pw)io = —i(he(S,)/AE(1, 4))(Exb| Pay|Ay) (60)
(Pr)ao = —i(Ac(Sy)/AE (2, 3))(Eza| PolAj) (61)
(P10 = —i(he(Sy)/AE(1, 3))(Esal Pyl Ay) (62)

(Py)ao = H(he(Sy)/AE(2, 4))(Exb| Py Ay). (63)
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We have another kind of spin-independent transition moment appearing in x 2 :

(Po)oi = (W0l P|W1) = —(A1]V, | ) (D | P|Eja)/ AE, (64)
(P2 = (V0| Py |W2) = —(A1|V,,|®.) (D | P, [E b)/AE.. (65)

Matrix elements of orbital operators appearing in the susceptibilities will now be expressed in
terms of the parameters defined through the following equations:

(ALl Py|@x) = (AL Py|@y) = p (66)
(@22 |V (E12)[Eja) = —(P_oxy|V(E12)[Eib) = viy (67)
(@:|V(By)[Eia) = (Py|V(B2)|Eib) = v; (68)
(E2a|V (Eza)|Eja) = (Exb|V (Eza)[Eib) =0 (69)
(@2 y2 [ Pral A1) = (P_piy| Prv|AL) = ¢ (70)
(AlV(B)|P;) = v, (71)
(| Py|E1a) = (P | Py|E;b) = p. (72)

In deriving these relations, we have kept in mind the reduction of the product representations
given by

EixE =A +A+E, (73)
EzXE2:A1+A2+E2 (74)
E; xE; = B, + B +E| (75)

together with the Wigner—Eckart theorem [7].

With a simplifying assumption that terms proportional to ¢’> may be neglected, we are able
to calculate y, i.e., the right-hand side of equations (46) and (47), in terms of the parameters
defined above, and the results are

35,
@  eoxin = -z pq(S,)

2
y |:(A/AE(1,4))UZX/AE(1,3)+(vzx/AE(1,3))A/AE(1,4)
(E; — 2hew) AE
N A/AE@2,3)v, /AER2,4) + (v /JAE2,4)L/AE(2, 3)] (76)
(E; — 2hw) AE
and
b  exl=0. (77)

We thus find that the first line of equation (46) is equal to the second, so it is simply doubled,
whereas that of equation (47) is cancelled by the second. Therefore, only x 2. remains in
case (b).

The susceptibilities x 2! are proportional to v, and are given by

3, v, AJAE(1,4) A/AE(2,3)
@ _ 2.2 Y S, - 78
@ oxyyy bCAQM()&&—%MAE (E, — 2ha) AE (78)
and
3, 0 A/AE(L,3) AAEQ2,4)
b eoxdy =3¢ pa(Sy) & — - —= : (79)
z 1 w) AE (E, — 2hw) AE
According to equation (42), the expression for the i-tensor Xz(;lc)x = ),y 1S given by
(P)o1 (P + PP
€0Xers = 3 ’ (80)

(E\ — 2hw) AE
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The matrix elements appearing here are given by

(P)or = —(A1] P;| D) (D |V (Era)[Eja)/AE(z, 1)

— (A1|V(E22)|W3) (V3| P |Eja)/AE(3, 0) (81)
and
(Eia|V (Eja)|Ay)
P2+ P2y = ————""L(A|P? + P2|A)). 82
(P:+P)o AE(L0) (A1|P; + PYIAY) (82)
The expression for x... takes the following form:
(P)o1(PH1o
=6 2z 83
OXszz = OB — 2ha) AE (83)
with
(E1a|V(Eja)|Ay)
(PY)1g = — (A | P2Ay). (84)

AE(1,0)

The component . is given by
(Py)oi (P P)1o N (Py)o2(Py P;)20

(Ey —2hw) AE  (E, —2hw) AE

The matrix element (P,)o here is given by the sum of the right-hand sides of equations (56)
and (64), and (Py)y is given by the sum of those of equations (57) and (65). We also find

(PyP;)10 = (Eja| Py P;|Ay) (86)
(PyP;)20 = (Eib| P, P |Ay). (87)

Note that the fields V (E;a) and V(B;) change sign when operated on by oy, (reflection in the
xy-plane, z — —z). This corresponds to the change in the sign of x,,,, etc, when one goes
over from one ferroelectric domain to another.

Let us derive, finally, the expression for the susceptibility corresponding to the resonant
SHG at energies E3 and E4. Corresponding to equation (46), we have

@ . _ é[ —(Py)o3(P2a)30 . (P)oa(Pay)a0
032y = 5| (Es — 2hw) AE © (E4 — 2hw) AE
(P03 (Pa)30 N —(Py)os(Pra)ao } (88)
(Es — 2ha) AE * (E4—2hw) AE
where
(Py)o3 = +(A1| Py |[Exb)(—2D)Ac*(S,)/AE(3, 4) (89)
(P)os = —(A1| Pi|E2a)2irc?(S,) /AE(3, 4) (90
and
(Pap)30 = 2i(Ac*(S,)/AE (3, 4))(Exb| Pay|Ay) 1)
(Pra)ao = 2i(Ac*(S;)/AE(3,4))(Esa| Py |Ay). (92)
It is easy to show that (Py)oz = (Py)os = ¢’p and (Paa)30 = (Pap)a0 = ¢g, SO we obtain
3, 20/AEG.4)  23/AEG.4)
@ oxny =13¢7cpa(S) |:(E3 " 2hw)AE  (E4— 2ho) AE] ©3)

which is proportional to (S;). This suggests that canting of the spins in this case may be

confirmed by the observation of SHG at E3 and E4. Note also that x,,, here is independent
of the direction of the electric polarization, unlike the susceptibilities at £ and E».
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Examination of the expression for x,,, shows that
(b) €0 Xxxx =0 (94)

under the same approximation, in accordance with the vanishing of (S;) in case (b).
An expression similar to equation (85) can be obtained for x,,, at E3 and E4 by replacing
(W, Ey) and (Vy, E,) by (W3, E3) and (W4, E4), respectively.

5.2. Exciton theory

Since the single-ion theory does not work well, as pointed out in the paragraph preceding the

one containing equation (45), we consider in this subsection the effect of excitation transfer

among the Mn ions and examine whether it can explain the observed features of the spectra.
The theory of Frenkel excitons in magnetic crystals is well developed [11]. We first give an

outline of the theory, simply because we need to explain the notation adopted in this subsection.
The ground state of the whole system is described as

W, =[vw (95)
np
where 1,4 represents the ground state of the Mn ion at the 8 (=1, ..., 6) site of the nth cell.

The ground-state wave function g—; behaves like z2(I"y) under o,. When one of the Mn
ions, i.e., the one at (ma), is excited to the state v,,,,, we have the localized excited state

Wonar = Ymas. | | s (96)
np
where the prime on the symbol for the product indicates that the case n8 = ma is to be
excluded. The excited-state wave functions for Mn; in the Oth cell, ¥,,—0g=121=12, are the
states W , of section 3, which are perturbed by V,,, as well as the spin—orbit interaction. Their
unperturbed orbital parts transform like zx(I"y) and zy (I"y), respectively.
Then, the exciton states at the I point (k = 0) are given by

1
Uie) = D W 97)

m
where N represents the number of unit cells. The matrix elements of the Hamiltonian involving
the excitation transfer can be calculated as

Hanar = (Va(@)H| Wy (@)

= Z ("I’[m:OaA|H|\IJna’N) = Z (I/IOaLI/fna’|W0a,na’|1/f0awna’k’> (98)
and the excited eigenstates are obtained from
W= W), (99)
ok
The coefficients cé , are determined from
D HaraiCloy = Eichy. (100)
a'N

In equation (98), the interaction Wy, ,, describes the transfer of excitation between ions
at (O) and (na’), i.e., the de-excitation from the excited state A" at (na’) and excitation to the
excited state A at (Oc). The derivation of this interaction and its explicit expression are given
in the appendix.

According to equation (A.17), for example, in equation (98)

Worno = kyew(ly, 2n) + kyyw(lx, 28) — kw(ly, 28) — kyew(1x, 2n). (101)
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Making use of equation (A.21) and similar equations, we obtain (H)g o2 (A = 1,2):

AN N R W N =

where

K, =-—

and we have (H)y1.02 = (H)w2.01:

(o)) T S S I S R

where

K =

2 3 4
-K, —K, —K]
-K, 0 -—K, K,
—-K, -K, 0 K,
-K, K, K, O
K, —-K, K, -k,
K, K, -K, -K,
FIZkaE(Olsnz)
K| = —F14ka§(01,n4)
Ky = Fi5 )_ke(01,n5)
1 2 3
0 V3K 3K
V3K 0 —JV3K
—3K 3K 0
0 V3K -V3K
—V3K 0 V3K
V3K -V3K 0
! F Zk (01, n2)
- T = X , n
«/§ 12 e n

?:

L
V3

Fis ka(OI,nS).

5 6
K, K,
-k, K,
K, —K|
-K, —-K,

0 —-K;
—K; 0

K3

= —FIZZkW(m,nz)

K)=—Fy Zkyn(OI, n4)

Ky = Fi5 ) _ky(01,n5)

4 6
0 V3K V3K
-V3K V3K
V3K —V3K 0
0 —V3K V3K
V3K —3K
—V3K 3K 0

(102)

(103)
(104)

(105)

(106)

(107)

(108)

Apparently, the 12-dimensional matrix Hy;, o has the symmetry of Cg,, so its diag-
onalization is made easy by making linear combinations of W, («) corresponding to the
irreducible representations of Cg, given in table 1.

Table 1. The character table for Cgy; (a) 6'mm’, (b) 6/'m’m.

(@ E 20Cs(r) 2C3 6Cy(t) 3oy4(r) 300,

b E 20Ce(r) 2C3 6Cy(t)  3fou(t) 3oy

Ay 11 1 1 1 1 z

Ay 1 1 1 1 -1 —1 X1y2 — Y1x2
B, 1 -1 1 -1 1 -1 y3 —3x2%y

B, 1 -1 1 -1 -1 1 x3 —3xy?

E, 2 1 -1 =2 0 0 (x,y)

Ex 2 -1 ~1 2 0 0 Q2xy, x> — y%)
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We first set
1 1
Vit (A) = %(%(1) +W(2)+ W (3) £+ %(‘Ih(‘l) + Wi (5) + W1(6) (109)
1 1
Vi (Ex) = ﬁ(ﬂh(l) -V -w0)+ ﬁ@%@) — Wi (5) — ¥, (6) (110)
1 1
Vit (Ey) = 5(‘111(2) —Vi3) £ 5(‘111(5) —W,(6) (111)
Vo (A) = %(‘I’z(l) +%(2) +¥:,(3)) %(%(4) + W2 (5) + ¥,(6)) (112)
1 1
Vo (Ex) = 5(—‘1’2(2) +¥,(3) £ 5(—‘112(5) +W,(0)) (113)
1 1
V. (Ey) = —=QWa(1) — W2 (2) — W12(3)) £ —=(2W2(4) — W (5) — W,(6)). 114
2+(Ey) 2\/g( 2(1) = W2 (2) — ¥,(3) 2\/g( 2(4) — W2 (5) — W(6)) (114)
The symmetry-adapted functions are then given by
V(A = Vi(A) V(By) = W_(A)
Uy (Exx) = Wi, (Ey) Vi (Ejx) = ¥, (Ex)
Vi (Ery) = =4 (Ex) Vi (E1y) = V¥,-(Ey)
V(Az) = W), (A) U(B) = ¥ (A)
Vs (Exx) = Wy, (Ey) Ws(Ejx) = W, (Ex)

Vs (Ezy) = =W, (Ex) Wy (Ery) = ¥, (Ey)

where the symmetry labels are given as the arguments of the functions on the left-hand side.
This shows that the 12-dimensional secular determinant for Hg; o, Will be factorized into
eight factors: four one-dimensional Aj, B,, A;, By, two two-dimensional E,x and E;x, and
two two-dimensional E;y and E;y ones.
The exciton energies for the four one-dimensional representations are easily found:

E(A)) = E; — 2K, — K| +2K, E®B,) = E; — 2K, + K| — 2K, (115)
E(Ay)) = E; — 2K, — K+ 2K, E(B)) = E; — 2K, + K5 — 2K,. (116)
The two eigenvalues of E(E;,y) (and E(E,x)) are obtained from the diagonalization of
Wi (Eyy) W (E2y)
W, (E,y) <El+1<1—1<;_—?l 3K —3K B ) 117
W, (Eyy) 3K — 3K E>+K,— K, — K,
with the eigenfunctions:
V(Ez) = v ¥ (Ery) + naWa(Eay). (118)
Hereafter, the lower- and higher-energy E, states will be distinguished by v = — and v = +,
respectively.

Similarly, the two eigenvalues of E(E;y) (and E(E;x)) are obtained from the diagonal-
ization of

W (Ey) W, (Epy)
U (Ey) (Ei+K +K|+K, 3K +3K (119)
W, (Ey) 3K +3K Ex+ K+ Ky + K>

with
W(uE;) = w1 Wi (Ery) + n2Wa(Ery). (120)
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We also associate 4 = — and u = + with the lower-energy and higher-energy eigenvalues
obtained here.

At this stage, we see a possible interpretation of the structures of the observed SHG -
spectra, for example. We expect a pair of lines near each pair of energies £, and E; of the
single-ion theory. The two lines on the lower-energy side (~E,) are likely to correspond to
(u = —,Ey) and (v = —, E;), while the other two lines with higher energy (~FE) may be
associated with (u = +, E|) and (v = +, E,). As will be seen in the next subsection, all four
states are optically accessible.

5.3. Susceptibilities in exciton modes

The transition moments involved may be calculated as follows:

(W | Py|W;) = > (W, | Py Wy (@), = VN D (Youl pylPoar)chy (121)
oA ak
and
(Wi Py Py W) = /N D (ch) (Yousl py Pyl ¥oa)- (122)
ak

The following identities are conveniently used to correlate the matrix elements evaluated at
different sites:
Ry(2)p Ry (z) = pycos® + p, sin ¥ (123)
Ry (z)p),R;' (z) = —pxsind + p, cos ¥ (124)

where, for example, R, /3(z) = Cs.
The susceptibilities of the system are now given by

(W | Py | W (VE) ) (W (VEp) | Py Py |W,)
n _ gty ylyl¥g
@) Ny =D (E(VE,) — 2hw) AE

v

N Z (W | Py|W(E)) (W (UE )| Py Py|W,) (125)
a (E(UE,) — 2h)AE
(We| Py |V (VE) ) (W (VE2) | Py P | W)
)y _ 8 8
® Nt = Z (E(E,) — 2hw) AE
+ Z ("pg|Px|W(NE1)><\p(ME1)|PxPx|\pg> (126)

~ (E(UE)) — 2ho) AE

The transition moments appearing in these equations may be obtained, after somewhat tedious
calculations, by means of equations (121) and (122), as

(W | Py |W(VE)) /YN = —v/3((P))o1 vi — (P)oa v2)

(127)
(W | Py |W(LED) /V'N = V3((Poor i1 + (Py)oa 142)
and
3
(W (VE2)| Py Py W) /v/N = £((P2a)10 V1 + (Pap)20 12)
2 (128)

3 4 R
(W(LE))| Py Py|W,) /N = %—((sz)m,ul — (Paa)2o 12)
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in terms of the matrix elements which appeared in the single-ion theory'.
Similarly, we find

(W, | P W (VE)) /YN = —i/3Im((Po)or vi + (Py)o2 v2)

(129)
(W, | P W (LED) /VN = V3Re((P)or 11 + (Py)oz i)
and
V3
(W(VE2)| Py P |Wo) /v/N = — = Re((P2)10 Vi + (Pa)20 v2)
2 (130)

3 ~ n
(W (UE))| Py P W) /N = i%_ Im((Pa) 10 41 + (Pv)20 12)

where we choose the E;x component on the right-hand side of equation (120) for W (uE))
instead of the E;y component. We thus have

3 —((Py)o1 vi — (P)oa v2) ((Paa)10 Vi + (Pap)ao v2)
@ _ - Y
@ €0y = 3 Z (E(VEy) — 2hw) AE
N 3 Z ((Por 11+ (Py)oz 12) (Pan) 1o 1 — (Paa)ao 112) (131)
24 (E(UE,) — 2hw) AE
and
3 Im((Po)o vi + (Py)oa v2) Re((Paa)10 1 + (Pap)20 v2)
a _ ;- y
®) ke =13 Z (E(vEs) — 2he) AE
N ié Z Re((Po)or i1 + (Py)oa 142) Im((Poa) 10 i1 + (Pap)ao 142) (132)
2 (E(UE,) — 2ho) AE

n

for the susceptibility per unit cell.

It is interesting to compare these results with those from the single-ion theory, i.e.,
equations (76) and (77).

Equation (131) may finally be written as

3
@ eoxyy), = -z pg(Sy)

|: (MA/AE(,4) —vnA/AE(2,3))

x>

- (E(vEy) — 2hw) AE

X (Vv /AE(1,3) — v, /AE(2,4))

N Z (M1v /AE(L, 3) — pavy /AE(2, 4))
"

(E(UE,) — 2how) AE

x (A/AE(1,4) — uah/AE(Q2, 3))}. (133)

! Straightforward application of the Wigner—Eckart theorem to the calculation of the matrix element (Ve | Py| W (VE2))
on the first line of equation (127) and (W (E;)| Py Py|W,) on the second line of equation (128) would seem to make
the right-hand sides of these equations vanish. However, this is not correct, because both W (vE;) and W(uE;) are
actually mixed with components brought in through the spin—orbit interaction. It is these perturbed parts that make
the matrix elements in question non-vanishing, as suggested by the expressions on the right-hand side. The same
remark applies to equations (129) and (130).
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Similarly, equation (132) may be put in the form
1) -3 37

(b) GOXxxx = IEC c p(’I(Sy)

y Z (MA/AE(L,3) —nA/AEQ2,4))
(E(VEy) —2hw) AE

X (Vv /AE(L, 3) — v /AE(2, 4))

. Z (MIUZX/AE(L 3) - I’LZUZX/AE(Zv 4))

(E(LE)) —2hw) AE

v

n
X (M])\./AE(I,3)—/J/Q)\./AE(Z,A"))}. (134)

The susceptibilities proportional to v, are calculated as
3, U (11 + w2) (UIA/AE(L, 4) — uoA/AE(2, 3))
@ _ 22 Y% S
@  eoxyy =i5c (5 EGE) — o) AE

AN A
z Iz

(135)
320 (Sy)z(M'+M2)(M‘)‘/AE(1’3)_“2A/AE(2’4)).

b @) — =" —=
®) eoxe = 15¢ K Pd (E(UE)) — 2hw) AE

(136)

The results obtained here combined together—that is, Xaae = X1, + X2, —will be compared
with observation [16] in the next section.

The expressions for the i-tensors, x..» and x..., in the exciton mode can be obtained
simply by replacing E in the denominators of equations (80) and (83) by the exciton energy
E(Ay) obtained in section 5.2. The result for x,,, in the exciton mode is given by

P Z ((Poorper + (Pyozp2) ((Py Py 1o + (Psz)zole). (137)
i

(E(LE,) — 2how) AE

The matrix elements appearing in this equation are the same as those in equation (85).

We have obtained the susceptibilities x© in forms proportional to the magnetization
(Sx) or (Sy) of the Mn, sublattice and regarded, e.g., (Sy) as an order parameter in case (a).
According to Birss [12], however, the order parameter in case (a) should be the yyy-component
of a third-rank tensor and made up of a complicated combination of spin components of the
six Mn ions in the unit cell as given by Nedlin [13] or Sa et al [14]. Therefore it will be in
order here to make clear the relation between Birss’s order parameter and our (S, ).

The spin ordering with symmetry (a), i.e., P65cm’, is described by the order parameter
Y3 = (0, +05)/2in Nedlin’s notation. Similarly, the ordering with symmetry (b) P6/c'm is
described by ¥4 = (—o; +05)/2i. Sa et al show with the aid of phenomenological theory
based on symmetry considerations that X;;)y in case (a) and x.., in case (b) are proportional
to the order parameters 3 and ¥4, respectively. The parameter 3 (4) behaves like the basis
of the irreducible representation B; (B;) of C¢,. In other words, it transforms like y3 —3x2%y
(x3 —3xy?) as shown on the right of table 1, which implies that vr3 (4) is indeed a component
of a third-rank tensor.

We have mentioned in the above that y; and 4 are complicated combination of spin
components. The complexity is, however, only superficial. Let us denote, for example, the
(local) &;-component of the spin vector S; of Mn; by S;z. Then it is not difficult to show that
they may be expressed in terms of S;¢ simply as

3 6
Y3=) Sig— Y Si (138)
i=1 i=4
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3 6
Ya=) Siy— Y Sy (139)
i—4

i=l1

with our choice of local coordinate systems. In the microscopic theory, we replace the class-
ical quantities Sj¢, etc, by the corresponding quantum mechanical thermal averages (S;¢), etc.
Recalling that the magnetizations of the six sublattices are given by (S;¢) = —(Sji3¢) = (Sy)
(i =1,2,3) in case (a), we can set 3 = 6(S,). In a similar way, we obtain /4 = 6(S,) in
case (b). Finally, it is worth pointing out that we have another order parameter v/; in case (a),
which also transforms like B; and describes the canting of the spins out of the xy-plane. That
is, we have

3 6
Yi=> "S- Si (140)
i=4

i=1

which is also replaced by 6(S;) in quantum theory.

6. Comparison with experiments

6.1. Clamping of order parameters

We have seen in the previous section that, for example, y,,, consists of two terms proportional
either to v, or to v, besides the sublattice magnetization (S, ). In other words, it is bilinear with
respect to the two order parameters, electric and magnetic [14], because, in the ferroelectric
(fel) phase, the parameters v,, and v, will have different signs in the domains with positive
and negative electric polarization, which are denoted as fel+ and fel—, respectively. Note that
the environment of the Mn; ion in fel+ is carried into that of the corresponding Mn| ion in
fel— by the operation of o5, (z — —z) [6]. The magnetic susceptibility regarded as a function
of position will change its sign upon crossing the fel domain boundary even when (S,) does
not change its sign. This then implies that, if we only monitor x(©, the boundary between
fel+ and fel— will be associated (incorrectly) with the boundary of the two neighbouring
antiferromagnetic (afm) domains. The brightness change observed in x © will occur at the
same boundary as that in x®. In such cases, we should expect correlations between the
observed fel and afm domain boundaries. Apparently, however, the fel and afm structure do
not influence each other, according to experiments [15]. In order to explain this independence,
we have to assume that the spins S are reversed within a few atomic layers when crossing a
fel border. Let us denote the magnetic domain with S ||  and that with S || —x as afm+ and
afm—, respectively. If this happens, the magnetic domain afm+ in fel+, or the combination
(++), the first + being for fel and the second + for afm, and afm— in fel—, or (——), in contact
with the former, will be observed as a single domain, EM+, extending over the two fel domains
fel+ and fel— which share the boundary.

We summarize our ideas for P65cm’ in table 2.

Note that, in the table, EM+, (++), and (——), are the domains with + brightness, while
EM—, (+—), and (—+), are those with — brightness. The apparent independence of the fel

Table 2. Clamping of order parameters.

afm+ afm—

fel+ EM+ = (++) EM— = (+—) XZ(QX -0
felo EM—=(—+) EM+=(——) xk <0
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and afm structure is attributed to the clamping of the afm order with the fel order, as shown in
the second and third columns of the table. This is in accord with the idea that the electronic
states of the Mn; and Mn ions, each located near the boundary of the two fel domains in
contact, are connected by the operation of oy, including the spin as well as the orbital state.
We admit that the idea is only an ad hoc assumption and that some more physical reason for
such a relation is necessary. For example, it would be nice if we could show that the reversal
of the spin across the fel domain wall is energetically more favourable. In fact, we have
attempted a computer simulation for the spin reversal, and confirmed for the model adopted
that EM+ (++) in contact with EM+ (——) can be lower in energy than EM+ (++) in contact
with EM— (—+), if just changes in the values of the exchange integrals of appropriate sign and
magnitude are introduced between the magnetic ions within the walls between the fel+ and
fel— domains. It is not that EM+ (——) and EM— (—+) have different energies. These two
domains can coexist within a single fel— domain. That is to say, EM+ (—) in one fel domain
can share the fel domain boundary only with an EM+ (—) domain and not with EM— (+) in the
neighbouring fel domain. However, it would be premature to go further into the details of this
model calculation, because, at present, we know almost nothing about the possible structural
change which would take place within those layers and bring about such a change of coupling
parameters for the coupling between the spins.

Anyway, we do not think, within the framework of the present theory, that any other
interpretation is possible for the observed apparent independent behaviours of the two
structures, unless we assume this kind of clamping of order parameters.

6.2. Calculated and observed SHG spectra

We have derived the microscopic expressions for x,,, for case (a) and y,,, for case (b), and
Xzxx for both cases in the previous section. In this section, we will calculate the spectra for
these susceptibilities numerically and compare them with the observed ones.
We introduce here the relaxation effects so as to satisfy causality, and express the suscept-
ibilities for both cases from equations (133) to (136) as follows:
@ g+
. (ni/AE(1,4) —v/AE(2,3))(vi/AE(L,3) — v, /AE(2,4))
* _I[Z E(E,) — 2hw — iC(E,)
N Z (ui/AE(,3) — o/ AEQ2,4)) (1 /AE(1, 4) — ua/AE(2, 3))}
E(uE1) — 2ho — il (LE))

w
cir Z (ui/AE(,3) + p2/AE(, 3)) (1 /AE(1, 4) — ua/AE2, 3))
m E(1E)) — 2how — il (KE))

v

(141)

: (vi/AE(1,3) —1y/AE(2,4))?
(€8] 2)
®F X+ e I[Z E(VEy) — 2hw — iC(vE,)

- (u1/AE(L,3) — ua/AE(2, 4))2}
—  E(uE)) —2ho — il (LE)

+iry (ui/AE(L,3) + o /AE(L, 3)) (1 /AE(L, 3) — na/AE2, 4))
m E(uE)) — 2ho — il (LE))

(142)
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o L()(2) 2k 1)
cc’ \ vy p AE,

Note that E(vE;) and E (4E)) are the eigenvalues of the matrices (117) and (119), respectively.
Therefore, given parameters E; (i = 1,2,3,4), K;, K/, ?i (i=12),K, K, four I's, and r,
we can readily obtain the SHG spectra from the above equations.

The observation of x® = x.., gives the position of the excited level at 2.7 eV in all of
the systems [2]. The condition

EA)=E —2K, — K| +2K, =2.7eV (144)

where

which follows from equation (115) must be satisfied, because .., is given by replacing E|
in the denominator of equation (80) by E(A ) of the present equation. Here and hereafter we
will neglect K/ and K; (i = 1,2) which are inter-layer transfer-matrix elements compared to
the intra-layer ones K; and K,. Then the splitting of 0.05 eV at around 2.45 eV is estimated
from the perturbational calculation as

36KK
E1+K1 —Ez—Kz'

Five energy parameters, E|, K, E>, K, and K, have been fixed as shown in table 3 from
these two equations (144) and (145) and the observed three lowest energies as mentioned at
the end of section 5.2. The parameter K, is set to zero. Three other material constants, E3, Ey,
and r, are estimated from the relative magnitudes of the SHG at the second, third, and fourth
peaks to that of the first at 2.46 eV. Incidentally, the value chosen for the energy E4 = 1.57eV
nearly agrees with the location of the absorption edge observed at 1.55 eV [1]. The relaxation
constants are determined so as to reproduce the SHG spectra obtained through the observations
under the specified condition of polarization.

E(u=—E)—-E(Vv=—E)= (145)

Table 3. The material constants: E;(i = 1,2,3,4), Ky, K, K in eV, which are used in the
numerical calculation of SHG spectra in each case of figure 2.

E; E; E3 E4 K K K
(a) YMnOs 2.68 2.55 2.1 1.57 —0.01 0.037 —0.011
(a’) HoMnO; (T = 6 K) 2.68 2.57 2.1 1.57 —0.01 0.045 —0.014
(b) ErtMnO3 2.68 2.57 2.15 1.57 —0.01 0.045 —0.014
(b’) HoMnOj3 (T = 50 K) 2.68 2.57 2.1 1.57 —0.01 0.045 —0.014

Table 4. The material constants: r and the I's in eV, which are used in the numerical calculation
of the SHG spectra for each case of figure 2.

r (=, E) I'(— Ep INCR Y I'(+, Ez)
(a) YMnO3 0 0.027 0.048 0.18 0.18
(") HoMnOs3 (T = 6 K) 0 0.035 0.05 0.3 0.3
(b) EtMnO3 —-5.3 0.03 0.03 0.17 0.17
(b") HoMnO; (T = 50 K) —5.8 0.028 0.028 0.16 0.16

Figure 2 shows the SHG spectra associated with the non-linear susceptibilities x © of
(a) YMnOs;, (b) ErtMnO3, (a) HoMnO; (T = 6 K), and (b’) HoMnO; (T = 50 K). Cases
(a) and (a’) correspond to x,yy, and cases (b) and (b') to x.r,. In the figure, dots show the
experimental data and lines correspond to the numerical data.
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Figure 2. The SHG spectra associated with the non-linear magnetic susceptibilities of (a) YMnOs3,
(b) EtMnO3, (a) HoMnO3 (T = 6 K), and (b") HoMnO3 (T = 50 K). Dots show the experimental
results and lines the numerical ones. The material constants have been fixed as shown in tables 3
and 4.

Now we can understand microscopically the observed SHG spectra of both cases (a) and (b)
as follows. First, the two lowest levels by which the SHG is enhanced by two-photon resonance
consist of E(v = —, Ey) =2.45¢eV and E(u = —, E;) = 2.51 eV for both (a) YMnOj3 and
(b) ErMnOs;. These two signals, however, interfere constructively in case (a) and destructively
in case (b). This difference originates from the different relative magnitudes r (v, /v,,) of
the second to the first term in equations (141) and (142), which correspond, respectively, to
cases (a) and (b). We have chosen r = 0 for case (a) and r = —5.3 for case (b). Second, two
higher levels, E(u = +,E;) and E(v = +, E;), located at around 2.7 eV are observed with
much stronger intensity but larger relaxation in the SHG spectra of case (b), while the SHG
signals are almost negligible in case (a) as shown in figure 2(a) and figure 2(a’). This is also
due to the different values of r in cases (a) and (b).

The same description applies to the cases of the low-temperature phase (6 K) and
the high-temperature phase (50 K) of HoMnOj, respectively, as shown in figure 2(a’) and
figure 2(b’).

Two minor deviations remain between the observed and calculated SHG spectra: the
observed weak shoulders on the lower-energy side below 2.4 eV and the observed sharper
dip due to the destructive interference in figure 2(b) and figure 2(b’). In spite of these two
minor deviations, we have succeeded in understanding the following important observations:
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(1) Only yx,,y is finite in a form linearly proportional to a product of the sublattice mag-
netization (S,) and ferroelectric order v,, or v, for cases (a) YMnOj3 and (a’) HoMnO3
(T < 42 K), while only x.., is finite in proportion to {S,) and v, (or v;) for cases
(b) ErMnOj; and (b') HoMnO3 (42 K < T < 71 K) under two-photon resonant excitation
around 2.5 eV.

(2) The two SHG signals at 2.45 eV and 2.51 eV interfere constructively for cases (a) and (a’)
while they interfere destructively for cases (b) and (b’).

(3) Further, if we assume that the factors omitted in equations (141) and (142) are of the same
order of magnitudes and compare the intensity of the spectra in figures 2(a) and 2(a’) to
those in figures 2(b) and 2(b"), we find that the former intensities are stronger than the
latter ones, although we have given them in arbitrary units in figure 2. This seems to be
the case for the observation [3].

(4) Finally, the SHG signals at around 2.7 eV are almost negligible in cases (a) and (a’), while
they become of the same order of magnitude as those at the lower energies at 2.45 eV and
2.51 eV for cases (b) and (b').

7. Discussion and conclusions

As mentioned in section 1, the SHG spectra of RMnQOj3 pose several interesting problems.
First of all, there is the problem of the electronic structure of the Mn ions in this crystal. The
Mn?* ions are surrounded by an unusual coordination of five O>~ ions. We have assumed
an ordering of the energy levels that is almost the same as that proposed in reference [1].
The results obtained in this paper seem to support the assumption. Next, we encounter the
appearance of non-vanishing susceptibilities x ) in the antiferromagnetic phase. If we only
watch the Mn and their spins, the Mn sublattice in this phase has inversion symmetry (as long
as we neglect the canting of spins in the P6cm’ phase) and it seems that there will be no
SHG. However, it is, of course, not correct to confine our attention just to the Mn sublattice.
We have to take into account the full crystal symmetry, where there is no inversion centre in
the ferroelectric phase. We have indeed found that non-vanishing x @ as well as x © resulted
from the presence of the low-symmetry fields V(Eja) o« zx and V(B;) o z around Mn;
ions. The appearance of these fields corresponds to the loss of the centre of inversion in
the ferroelectric phase. The latter susceptibilities x ) were found to be proportional to the
sublattice magnetizations in the present treatment. Our results show that the lower-symmetry
case of P60} can be derived by a combination of cases (a) and (b), (a) describing the (S.)
component and (b) the (S,) component. The two cases do not mix—that is, spin x- and y-
components are decoupled. We can predict this independent behaviour of the spin components
and it has, in fact, been confirmed by a recent experiment [5]. This brings in the third problem,
i.e., the apparent independent behaviours of fel and afm structures observed and discussed in
section 6.1. Although we have proposed a possible interpretation, i.e., the clamping of two
order parameters, the problem still remains a topic to be investigated further. The fourth is the
two peaks of the SHG spectra found in the region of 2.45 eV. As shown in sections 5 and 6,
the exciton theory appears to provide us with a reasonable explanation.

The sublattice magnetizations (S,) and (Sy) of the Mn; ion are correlated with the
crystalline structure change of HoMnO; at 42 K as well as the difference between YMnO;3 and
ErMnOs;. Our understanding is that this difference may be attributed to the relative magnitude
of the lower-symmetry crystalline fields V(B;) and V(E;a) which act on Mn ions in the
electronic ground state. This is because the spectroscopic difference in SHG between cases
(a), P6icm’, and (b), P65c’'m, originates from the different relative magnitudes of v, /v,, as
indicated by the values of r.
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The third problem, the clamping of the ferroelectric and antiferromagnetic order
parameters, should be verified by the following experiments now in preparation?.

(1) If the model is correct, we should observe reversal of brightness or contrast of the
SHG signal in (a) YMnOs, i.e., EM+ — EM=, while the contrast will not change in
(b) ErMnO3;, EM+ — EM4, when thin samples are rotated by 7 around the x-axis. In
these experiments, an external reference is involved which leads to differing brightness
due to the differing interference for different domains.

(2) When the samples are rotated around the y-axis, we expect reversal of contrast in ErMnO3,
but not in YMnOs. If there is no clamping, opposite behaviours of the contrast would be
observed, and this would allow us to reject the possibility of a bilinear dependence of x
on the two order parameters.

While the present paper was in preparation, the work by Wan ef al [17] appeared. These
authors also deal with the non-linear susceptibilities .y, etc, for YMnOs3, within the multi-
band Hubbard model, taking into account the charge transfer between O>~ and Mn** in addition
to the d—d transitions. They, however, assume perovskite instead of hexagonal structure,
besides neglecting the spin—orbit interaction which is essential in our treatment for producing
the susceptibility tensors x ) with correct selection rules, so it is not conceivable that their
theory will be able to explain the observation, i.e., non-vanishing x{< in P6,cm’ (YMnOs)

¥y
and x© in P6,c'm (ErtMnOs3).

XXX
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Appendix A. The mechanism of exciton transfer

In order to discuss the excitation transfer between Mn ions, we first give the Slater determinants
for the electronic states given in section 3, expressed in terms of the one-electron orbitals
@z, CtC:

Dox = +l@zy, Or2-y2, P21y, ¢2| (A.1)
Doy = —|@x, Pr2-y2, P21y, 22| (A.2)
D2 y2 = +|@ox, Pays P—2xys 92| (A3)
D _ovy = —1@ox, Py, a2y, 2] (A4)
D2 = +|@zx, Pzys Pr2—y2, P-2xyl (A.5)

where spins are assumed to be quantized along appropriate local axes. The matrix elements
of the angular momenta connecting the ground and excited states are easily found as

(Dol Ly|D2) = —(21€, |2x) = +iv/3 (A.6)
(Do Lol D2) = —([€]zy) = —iv/3. (A7)

Let us denote the integral for transfer between orbitals 1 and 2 by #(1, 2). The result of
the second-order perturbation corresponding to the excitation transfer between Mn; (excited,

2 This idea is due to M Fiebig and the experiments are going to be carried out at Dortmund.
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site 01) and Mn, (de-excited, site n2) shown in figure A1 leads to the following expression for
the interaction term in the Hamiltonian:

;o 1@ 1L 2) P 1L 2@ 1) ;
Hiy = ;—AE(“_Z) Eobroblobe =) ppor 1 SlebnEla e (A.8)

0,0’

in the second-quantized form, where & 1Ta and &, are, respectively, the creation and annihilation
operators for the electron in the orbital 1 with spin o.

Initial state

22 1 Z t 2
x?—y? t £ —n t
—2xy ¢ —2&n t
A A
zy w zn 1
X t 1 zE 2’
(OJE) D

Final state

Z2 % 1 Zz 2
x? —y? t £ - t
—2xy i —2&n t
A A
zy I zn !
X I z& t 2’
D, (o))
Mn; Mn,

Figure A1l. Excitation transfer between ions Mn; and Mn;.

The right-hand side of this equation may be rewritten as

1, . R .
Hip = k(12', 1/2)<§n11'n2'2 +2s171y - Sz"z’z) (A9)
where
t2, 1Ht(1,2) t(1,2)r 2,1
K(12/.12) = ( ) ( )+ (1, 2)¢( ) (A.10)
AE(I <2) T AEQ@ < 1)
with

A=) EL &, (A.11)
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and
siiy =) (olslo))E] - (A.12)
If we set
1) =9 (01) |1} =g2(01) (A.13)
2) = 0(n2)  12) = 92 (n2) (A.14)
we find
A=) (21 12x0)E], 8o/ (—1V/3) (A.15)
fry =) (216,126 620 /(+iV/3) (A.16)

g

SO we obtain
Worn2 = kxew(1y, 2n) + kyyw(lx, 28) — kw(ly, 28) — kyew(1x, 21) (A.17)

for the expression for Wy ,» in equation (98) of section 5.2, where, for example,

1(1
w(ly, 277) = g { zglyﬁzﬂ + 281@1), . 52(2,7} (AlS)
and kz = k£ (01, n2), etc, are defined by
kee = k(0lzx n2z%, 01z n2z£) ky, = k(01zy n2z%, 01z n2zn) (A.19)
kyy = k(01zx n2z%,012% n2zn) kye = k(01zy n2z%, 012% n2z£). (A.20)

Note that we may set
1
w(ly,2n) = §F12L}.(01)L,7(n2) (A.21)
in terms of the components of the total orbital angular momenta with
1
Fin = 3 +285,-8,/16 (A.22)

in equation (A.18), because s = S/4. Note that Fj, = Fi5 = 1/4, Fi4 = 1 in the classical
approximation.
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